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Abstract 

For a Lie algebra with Lie bracket got by taking commutators in a nonuni- 
tal associative algebra Jzf, let be the vector space of tensors over Jzf 

equipped with the Ito Hopf algebra structure derived from the associative mul- 
tiplication in «Sf . It is shown that a necessary and sufficient condition that 

the double product integral FJ (1 +dr[h}) satisfy the quantum Yang-Baxter 
equation over <!7(Jzf) is that 1 + r[h] satisfy the same equation over the unital 
associative algebra Jzf' got by adjoining a unit element to Jzf . In particular the 
first-order coefficient r\ of r[h] satisfies the classical Yang-Baxter equation. Us- 
ing the fact that the multiplicative inverse of F] (l +dr[h}) is F] (l+dr'[h]) 
where 1 +r'[/i] is the inverse of 1 + r[h] in J£"[[ti\] we construct a quantisa- 
tion of an arbitrary quasitriangular Lie bialgebra structure on Jzf in the unital 
associative subalgebra of ^(Jzf) [[h]] consisting of formal power series whose 
zero order coefficient lies in the space ^(Jzf ) of symmetric tensors. The defor- 
mation coproduct acts on ^(Jzf ) by conjugating the undeformed coproduct by 

F] (1 +dr[h]) and the coboundary structure r of Jzf is given by r = r\ — %n\) r \ 
where T^i) is the flip. 

1 Introduction. 

Let Jzf be a finite dimensional Lie algebra in which the Lie bracket is got by taking 
commutators in a not necessarily unital associative algebra Jzf. In a previous article 
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HO (see also ||2|) we showed that, in the Hopf algebra ^(Jzf)[[/i]] of formal power 
series with coefficients in the space ^(j§f) of all tensors over Jzf equipped with 
the noncommutative Ito extension of the shuffle product, nonzero elements R[h] of 
(=^(^f ) ® ^(Jzf)) [[h]] satisfying the quasitriangularity relations 

(A<S>id^y)R[h\ = R l ' 3 [h]R 2 ' 3 [h], (id ® A)/?[/z] = 7? 1 ' 3 [A]/? 1 ' 2 [/i] (1) 

in the convolution algebra (^(_5f) ® =^(«5f) ® ^(jSf )) [[A]], where A is the coprod- 

uct, can be characterised as directed double product integrals of form JT (1 + dr [h] ) , 
where r[h] is an element of the space h(Jzf ® Jzf) [[h]] of formal power series with 
coefficients in JS? ® and vanishing constant term. 

In the present article, we shall first establish the following necessary and suffi- 
cient condition on r[h] for such a product integral R[h] = Yl (1 +dr[h]) to satisfy the 
quantum Yang-Baxter equation 

A' 1 2 // A' 1 3 // A' 2 ' // =R Z ' 3 [h]R 1 ' 3 [h]R 1 ' 2 [h] (2) 

in the algebra of formal power series (^(if ) ® ® ^(-Sf)) [[A]]. 

Theorem 1 A necessary and sufficient condition that the product integral JT (1 + 
dr[h]) satisfy the quantum Yang-Baxter equation (0 is that 

r L2 [hy> 3 [h] + r L2 [h]r 2 ' 3 [h] + r 1 - 3 [h)r 23 [h] + r 1 - 2 ^ 13 [% 2 < 3 [h] 
= r 13 [h)r^ 2 [h] + r 2 - 3 [h)r^ 2 [h] + r 2 < 3 [/ijr 1 * 3 [A] + r 2 - 3 [h]r 1 ^ [h]r L2 [h] . (3) 

in the associative algebra {££ ® JSf ® JSf) [[A]]. 

If «5f' is the algebra got by appending a unit element to Jzf we see by adding 
the appropriate unit element to both sides that © is equivalent to the condition that 
l + r[h] satisfies the quantum Yang Baxter equation in (££' ® ££' ® ££' ) [[h]], 

(l+r 1 ' 2 ^]) (l+r 1 ' 3 ^]) (l + r 2 ' 3 [/j]) = (l + r 23 [/j]) [l+r l ' 3 [h]) {\ + r h2 [h}) . (4) 

In it was claimed erroneously that the symmetrised double product integral 
nn(l +dr[h\) satisfied the quantum Yang-Baxter equation if r[h] satisfies in 
fact for symmetrised integrals © is sufficient for the quantum Yang-Baxter equation 
to hold only to order h 3 . 

The condition © also occurs in a somewhat different context in [1]. Equating 
coefficients of h , h 3 , . . . in © we find firstly that the first order coefficient r\ 6 
Jzf ® =§f of r satisfies the classical Yang-Baxter equation 

r 1,2 1,3-1 . r 1,2 2,3i . r 1,3 2.3i n r r\ 

l r l ,r{ \ + [r 1 ,r { ] + [r{ ,r l } = 0, (5) 
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while for higher order coefficents 



s+t=N+l 

+ I U' 2 rl^-^VA=0 (6) 

s+t+u=N+l 

where the sums are over ordered pairs (s,t) and triples (s,t,u) of natural numbers 
whose sums are N + 1 . Assuming that r\ , r% , . . . , i have been found, © gives a 
finite dimensional inhomogeneous linear equation for r^. It is shown in [ 1 ] that, for a 
given solution t\ of ©, the resulting hierarchy of equations has solutions, however, 
to make this inference, the existence of a quantisation of an arbitrary Lie bialgebra, 
as proved in (5), is needed. 

Our second Theorem is that the directed double product integral J7 (1 + dr[h}) 
has a multiplicative inverse which is also a directed product integral but with arrows 
reversed. 

Theorem 2 For arbitrary r[h] G h (Jzf [[h]], U (1 +dr[h]) is invertible in ® =^ (-£?)) [[h]] 

with inverse JT (1 +dr'[h]) where r'[h] is the quasiinverse ofr[h] in hJf[[h]], that is, 
the unique element satisfying 

r[h]+r'[h} + r[h}r'[h] = r [h] +r[h] + r [h}r[h] = 0. 

Thus 1 + r' [h] is the inverse of 1 + r[h] in (jSf ® Jjf ) [[h\] . 

Let us now demonstrate how Theorems 1 and 2 permit a simple construction of 
a deformed Hopf algebra, which as an associative algebra is a subalgebra of the Ito 
shuffle algebra )[[h]], whose semi-classical limit is an arbitrary quasitriangular 
Lie bialgebra with commutator Lie bracket. This may be compared with the general 
construction of Enriquez (Q. 

We first recall [5] that the subspace of ^"(«5f) consisting of symmetric 

tensors is isomorphic as a Hopf algebra to the universal enveloping algebra % (Jzf ) 
of the Lie algebra Jzf. Let us now consider the algebra ^(Jzf) [[/i]] consisting of 
formal power series with coefficients in 3?{J£') whose zero-order coefficients are in 
We define a deformed coproduct A [A] on f(Sf) [[h]] by 

A[h](a) = R[h}A(a)R[h}- 1 (7) 

where R[h] = Yl (1 +dr[h]), and consequently also its inverse = Yl (1 + 

dr'[h]), satisfy the quantum Yang-Baxter equation ©. Using together with the 
quasitriangular relations ([Qi and the reversed quasitriangular relations 

( A <g) id # {sf) ) R [h] - 1 = R 2 3 [h] ~ 1 R 1 ' 3 [h] ~ 1 , (id , 9 [X) ® A) /? [h] - 1 = /? 1 - 2 [A] ~ 1 R 1 3 [A] ~ 1 
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satisfied by R[h] 1 and the multiplicativity and coassociativity of the undeformed 
coproduct A, we have 

(A[/i]®id^ m )A[/i](a) 

= tf 1 ' 2 ^]/? 1 ' 3 ^]/? 2 ^ 

= R 2 ' 3 [h]R 13 [h]R 12 [h] (id n ^ ® A) A(a)/? 1 ' 2 [h]- l R 1 ' 3 [h]- l R 2 < 3 [h]- 1 
= (id^)®A[/j])A[/i](a) 

so that A[h] is coassociative. 

The Lie bialgebra cobracket of the semiclassical limit of this deformation is given 
El by 

8(L) = \T l (A[h](L) - A[/i]°pp(L)) + o(h), L G ££ 
Using the facts that 

(l+dr[h\) = 1 rw + r[h] + o(tf), (* = 1 ^ ^ + r ' [h] + o{h 2 ) 

and (r / ) 1 = —r\ we find that 

8(L) = [ n -T {2A) n,L 1 +L 2 }. 

Since r\ satisfies the classical Yang-Baxter equation, the Lie bialgebra (Jzf, [.,.], 8) is 
quasitriangular, and every commutator quasitriangular Lie bialgebra can be quantised 
in this way. 

In Section 2 we review the theory of ordered double product integrals. Some 
properties of the coproduct are reviewed in Section 3 and used to derive another 
necessary and sufficient condition that a product integral satisfy the quantum Yang- 
Baxter equation. In Section 4 we show that this second condition reduces to (|3} and 
thus complete the proof of Theorem 1. In Section 5 we prove Theorem 2. In section 
6 we describe an example of our quantisation procedure in detail. 

Acknowledgement. The authors wish to thank the referees, and especially Ben- 
jamin Enriquez, for suggestions and criticisms which have greatly improved the first 
draft of this paper. 

2 Ordered double product integrals. 

For r[h] G h (_&f <g> «£? ) [[h\] the ordered double products U (1 +dr[h]), if (1 + 
dr' [h] ) are defined [ 6 1 by 

fi(i+dr[h]) = ^n(i+<L(i+#]))=ii^(i+^n( i +#]))' 
n(i+j/[6]) = ^)n(i+^(n^(i+^]))=n^)(i+^n( i +^]))- 
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Here the notations are as follows. Given a unital associative algebra $rf and an ele- 
ment I [h] of h (gf ® _§f ) [ [/i] ] the product integrals ^ \\ ( 1 + dl [h] ) and ^ \\ ( 1 + [/z] ) 
are the unique elements F[/z] and Z[h] of (jz^ ® ^ («£?)) [[A]] which satisfy the left and 
right differential equations 

(id^(g>T)y[/2] = Y 12 [h]l 13 [h], (id ^® *d y \z[h]=Z 13 [h]l 12 [h], 
together with the initial conditions 

(id^(g>s)Y[h] = I (id, e/ ®s)Z[h] = 1^ 
where e is the counit of the Ito Hopf algebra ^(jSf). Equivalently 

oo 

^ W = 1 + I (/ 12 [A]Z 13 [*] • • -l ln+l [h]) , (8) 

«=i 

oo 

Z[h] = 1 + £ (/ ln+1 [/i]/ 1 " [A] — / 12 [h]) , 

«=i 

rearranged as formal power series with coefficients in ® &{££''). Product integrals 

FT sf(X +dm[h]) and Y[ ,5/(1 where now m[/i] £ /i (jSf ® .e/) [[/i]], are defined 

analogously in (^(«5f) ® «e/) [[A]]. If is not necessarily unital, the decapitated 

product integrals ^f[(l ^U{l+dl[h]), U^{l+dm[h}), T\^{\ +dm[h]) 

are defined by omitting the initial unit term from the expansion (|8} and its analogues. 

Thus TLs?(l+dr[h]) and 2>H(l+dr[h]) are defined as elements of h{^{££) ® JSf) [[/?]] 

and ft(«Sf ® [[h]] respectively, so that n (1 + d(Y[jc (1 + dr[h])) and 

ft ^(jsf)(l + +dr[h])) are defined as elements of ® #"(JS?)) [[*]]. It 

is shown in [ 6 1 that these two iterated products are in fact equal. The double prod- 
uct integral Y[ (1 +dr[h]) is defined analogously by reversing the directions of all 
arrows. 

Below we shall use the fact, proved in [6 1, that Y[ (1 +dr[h]) and fj (l+dr[h]) 
are both of form 

where /? [h] =LP n , n {h] in (^(J&?) ® ^(JSf)) [[/*]]= (0~ n=0 «8> m ^) ® (<g>"^)) [[A]] 
has nonzero homogeneous components P mn [h] only if both m and « are nonzero and 
at least one exceeds 1 . 
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3 Properties of A. 

In © it is shown that the element R[h] = f[ (l+dr[h]) of (^(if)® ^"(JSf)) [[/?]] 
satisfies the quasitriangularity identities (0 and consequently, for arbitrary m,n = 
1,2,... 

(aW®aW)/?W= n /^>+"+ 1 -*[/ J ] (10) 

(;l)eN,„xN„ 

in ((<g) m ^(if))® (<g)"^(if)))[[/j]]. Here the notation is as follows. For m = 
l,2,...,N m denotes the ordered set (1,2,..., m), and AW : -> <g) m ^(^) 

is the m-fold coproduct which may be defined inductively by 

AW =id^ m , AW = (A^iid^-i^)) oA'" 1 - 1 '. 

In particular A« = A. rf - , )eN „ xN „ R^ +n+1 - k [h] is the element of ((<g) m ^(Jgf )) ® ((g)" ^(Jgf))) [[h]] 
defined by by the equivalent prescriptions 

m [ n I n ( m | 

j-j " ' = J-| ) Y[R j > m+n+l - k [h] \ = Y[ \ Y[R J ^ +n+l ~ k [h] \ ■ 

{j,k)m m x®„ i=i U =1 J *=i w =1 J 

(11) 



From the defining property of A, 

m 

A(Li (8) L 2 (8) • • • ® L m ) = £ {L\ ® L 2 ® ■ • • <g> (L/ + i ®L y - +2 ® • • • ®L m ) 

7=0 

for arbitrary Li,L 2 , • • • ,L m G Jzf , we deduce that for the mth order coproduct, 

A (m) (Li®L 2 ®---®L m ) 

0<7'l<72<-<7m-l<m 

= Li®L 2 ® •••®L m + j3 

where Li ® L 2 ® • • • ®L m is regarded as an element of <g) m ^(if ) = <g) m (e~ =0 ((g)" if)) 
and the remainder j8 consists of a sum of elements of each of which is of rank 
> 1 in at least one copy of ffi"_ ((g) n ~§f). Thus, by linearity, for general a = 
(a ,ai,a 2 ,...) e ST(se), 

a m =U m \a)\ w (12) 
v ^ (i,i l ) 
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in <g) m 2T{%) = <g) m (0~ =o (<g)' 1 Jz^)) . © also holds when m = if A<°) is defined 
to be the counit in ^(Jzf ). 

Now consider the products tf 12 ^]/? 13 ^]/? 2 3 [/z] and R 2 - 3 [h]R l ^[h}R l ' 2 [h] in 
(^•(JSf) ST{%) ® [[h}]= ( {® m ^)®{® n ^)®{®P^) j [[ft]] 

\m.n,/)=0 / 

and denote by Y mnp [h], Y mnp [h] their components of joint rank (m,n,p). If any of 
the nonnegative integers m,n,p is zero then y mn p [h] and f mnp [h] are formed en- 
tirely from only one of the three terms R ,2 [h], 7? 1,3 [ft] and R 2,3 [h] and so must be 
equal. Assume that (m,n,p) € N 3 . Then y m np [h] can be characterised as the compo- 
nent of (AW ® AW ® A&0) (tf 12 [ft]/? 13 [ft]/? 23 [ft]) in (^(=5f) ® =^(j£f) ® ^"(JSf)) [[ft]] 

(m) (n) (p) 

of joint rank ((1,1,..., 1 ),(1,1,..., 1 ),(1,1,..., 1 )). By (flOl. and the multiplica- 
tivity of the iterated coproducts, 

(AM <& AW ® AW) (/^ 2 [ft]/? 1 ' 3 [ft]/? 2 > 3 [ft]) 

_ J~J Ri ,m+n+l ~ k [h] Y[ R}' m+n+ P +l ^ l [h] Y[ /? m +^ m +"+P+ 1 - / [ft]. 

(j,k) eN m xN„ (;,/)eN m xN p (U)eN n xN p 

Thus y m „ [ft] is the component of the same joint rank in this expression. By © this 
is the component of the same joint rank in 

EI f 1 + r[h] j ' m+n+1 - k ) [I f 1 + r[hy> m+n+ *> +1 - 1 ) 

(j,k)€N m x®„ (yV)6N m xN„ 

EI (im®n*)+ r l h } m+k ' m+n+p+l ~ l ) ( 13 ) 

(A,/)GN„xN p 

since higher order terms than r[h) in the expansion © can only contribute to com- 
ponents in 2T{5£) ® ^"(jSf) = 0~„ =o (® m ^)®(® n -S?) at least one of whose ranks 
exceeds 1. By expressing f mnp [h] similarly as the component of the same joint rank 
in 

EI f 1 + r[h] m+k > m+n+ P +l - k ) J] f 1 + r[h)^ +n+ ^- 1 

(M)eN„xN p (j,l)e® m xN p 

(k,l)eN n xN p 

we complete the proof of the following. 

Theorem 3 A necessary and sufficient condition that R[h] = JT (1 +dr[h\) satisfy 

the quantum Yang-Baxter equation is that, for all triples (m,n,p) of natural num- 

('«) («) (p) 

hers, the components of joint rank ((1,1,..., 1 ), (1, 1, . . . , 1 ), (1, 1, . . . , 1 )) in the 

products mi and d7?t are equal. 
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4 Proof of Theorem 1. 



From Theorem 3 we deduce that a necessary and sufficient condition for R[h] = Yl 
(l+dr[h]) to satisfy the quantum Yang-Baxter equation is that, for all (m,n,p) £ N 3 , 

J~J pj,m+n+l—k j~~J pj,m+n+p+l-l J~J pin+k,m+n+p+l — I 

(j,k)eN m xN„ (j,l)eN m xN„ (k,l)eN n xN„ 

— J~~J ptn+k,m+n+p+l-l J~J pj,m+n+p+l-l J~J p- , ' m+ " +1 (~f : 5) 

{k,l)eH„x® p (j,I)eN m xN p (j,k)eN m xN„ 

in the associative algebra ((<g) m J*"") ® ((g)" if') ® (® p if')) [[% where P = 1 + r[h] 

and /j is suppressed for brevity. Indeed it is precisely these "pure Ito" terms which can 

H (») (p) 

contribute to the components of joint rank ((1,1,..., 1 ), (1, 1, . . . , 1 ), (1, 1, . . . , 1 )) 

of the multi tensors (fT3b and (TPfl) . 

Taking m = « = p= lwe find that it is necessary that 

p l2 p ;! p- ! p-p'p 12 (16) 
from which we deduce © by expanding and cancelling the unit on each side. 

To prove the sufficiency of (J3J, or equivalently of (16), we must show that it 
implies (fT3l for arbitrary (m,n,p) € N . First we prove the case when m = n = 1 by 

induction on p; when p = 1 this is just (16). With m = n = 1 the left hand side of 
(1731) becomes 

p l,2| p l,p + 2 p l,p+l... p l,3}| p 2, P +2 p 2, P+ l... p 2,3| 

= (p 1 ' 2 p 1 ' /,+ V' p+2 ){p 1 ' p+1 p 1 ' p ---p 1 ' 3 }{p 2 - / ' +1 p 2 - / '---p 2 ' 3 } 

= p2.P+2 p l, P +2 p l,2 | p l, P +l p l, P .. . p l,3| | p 2. P+ l p 2, P . . . p 2.3} 

using commutativity of p 2 <P +2 with all but the first element of { p l -P+ 2 p l -P +i ■ • . p 1 - 3 j 
and (16). By the inductive hypothesis this is 

p 2,p + 2 p l,p+2 | p 2, P+ l p 2, P . . . p 2,3| { p l.p+l p l.p . . . p l,3} p l,2 
= {p2,P+2 p 2, P +l . . . p 2,3 | | p l,p+2 p l,p+l . . . p 13 } p 1.2 

which is the right hand side. 

Next we prove the case n = 1 by induction on m; when m = 1 this becomes the 

case just proved. We have to show that, for arbitrary mand p, 

m p 

7=1 C/,QeN m xN p Z=l 

p m 
= rT p w+l,m+p+2-/ J~J pj,m+2+p-l TT p 7>+l (17) 

Z=l (;,/)eN,„xN p 7=1 
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Using the first definition in < fTTT > to define the double product and extracting the last 
internal product to the right, we express the left hand side as 

m p p 

T~Jp,/,m+l j~T pj,m+2+p— lT~Tpm,m+p+2— /. TTp/n+l,m+/H-2-Z 

7=1 (7,/)eN„_,xN p 1=1 1=1 

m—1 

_ j~T pj,m+l | | pj,m+2+p-l ^pin,m+l pm,m+p+l pm+l,m+p+\^ 

;=1 0',/)eN m _!xN p 

n m,m+p n m,m+p—l _ _ _ n m,m+2 n m+l,m+p n m+l,m+p— 1 _ _ _ _m+l,m+2 
r r r r r r 

using the commutativity of p m > m+1 with all remaining elements of the double product, 

and of p m +i '"+p+i w ith all but the first element of the extracted internal product. Re- 
versing the bracketed Yang-Baxter triple, the terms after 11'"=/ p J,m+1 ri(y./)eN„ 1 _ 1 xN p p y m+2+p ~' 
become 

^ptn+l ,m+p+ \ pm,m+p+l pm,m+l\ pin,m+p pin,m+p—l _ _ pm,m+2 

pm+l,m+p ptn+l,m+p— 1 _ _ ptn+l,m+2 

ptn+l,m+p+l pin,m+p+l ^pin,m+l pin,m+p pin+l,m+p^ pm,m+p—\ pm,m+p—2 _ _ ptn,m+2 

f ,m+l,m+p~l n m+l,m+p—2 _ _ _ n m+l,m+2 
r r r 

ptn+l,m+p+\ pin,m+p+l ^pin+l,m+p pinjn+p ptn,m+l^ pin,m+p—l pm,m+p—2 _ _ ptn,m+2 

pin+l,m+p—\ pin+l,m+p—2 _ _ _ pm+\,m+2 

pin+\,m+p+\ pm,m+p+l pin+l,m+p pm,m+p ^ptn,m+l pin,m+p—\ ptn+1 ,m+p—\~^ 

n m,m+p—2 _ _ _ n m,m+2 n m+l,m+p—2 n m+l,m+p—3 _ _ _ ~m+l,m+2 
r r r r r 

p>n+\,m+p+l pm,m+p+l pin+l,m+p pm,m+p ^ptn+1 ,m+p— \ ptn,m+p—l pffl,ra+l j 

n m,m+p—2 _ _ _ n m,m+2 n m+l,m+p— 2 n m+l,m+p— 3 _ _ _ -.m+l,m+2 
r r r r r 

n m+l,m+p+l n m,m+p+l n m+l,m+p n m,m+p n m+l,m+p— l n m,m+p— 1 
r r r r r r 

f ,m+l,m+2 n m,m+2 
r r r 

n m+l,m+p+l n m+l,m+p n m+l,m+p— 1 _ _ _ n »i+l,m+2 _.m,m+p+l n m,m+p n m,m+p— 1 
r r r r r r r 

n m,m+2 n m,m+l 
r r 

Restoring the omitted initial terms p i>+1 rT(i,/)eN m _ 1 xN„ p-> >+2 +P-' we obtain 

m-l / \ /> p 

J~J pj,m+l | pi pj,m+2+p-l j J~|pm+l,m+p+2-/ ^Tpm,m+p+2-/pm,m+l 

;=1 VO-.QeN^iXNp / /=1 /=1 

Applying the inductive hypothesis to the first three products, this becomes 

P ( \ m-l P 

|~J pin+\,m+p+2-l j ! pj,m+2+p-l j J~J pj,m+l J"Tpm,m+p+2-/pm,m+l 

1=1 VOV)eN m _iXNp / j=l 1=1 
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P / \ V 



/=i \C/V)eNm-ixNp / '=1 7=1 

p / \ m 

= PJp m+1 ' m+ ^+ 2 "' FT pj.m+2+p-l T~TpJ>+l 

1=1 \UJ)eN m xN p J 7=1 

as required, where the last internal product of the original iterated product is restored 
again using the first definition in <fTTT> to define the corresponding double product. 

Finally we prove the general case by induction on n ; when n = 1 this is the case 
just proved. 

We shall evaluate the first and last double products on the left hand side of ( fT5l 
using respectively the second and first definitions of il It . Detaching the last internal 
product from the first double product to the right and the first internal product from 
the third double product to the left, we obtain 

( n— 1 ( m "j \ m p 

FI 1 ]^[p' />+ " +1 ~* : \ Y\P^ m+l Yl pi- m+n +P+ y - 1 VTpm+l,m+n+p+l-l 
*=1 1 7=1 J / 7=1 (j,l)e® m xN p 1=1 

lnl\ p }) 

The middle three products in this expression can be reversed by ( fT/T l to get 

(n—\(m 1 \ _£ m 

Y\lY\P im+n+y ~ k \ ]^[p" !+1 ' m+ " +p+1 ~ / J| p7>+»+P+l-/TTpj>+l 
k=\ \j=\ J / 1=1 (j,l)eN m xN„ 7=1 

(jji^p m+k ^ +n+p+1 - l ^j (18) 

Since the elements p m+i,m+n+ P ^ p m+\,m+n+p-i^ . . pm +i,m+, 1+ i commute with those 
of the first iterated product in (fT8l and the elements p l m+1 , p 2 m+1 , • • ■ , p m > m+1 com- 
mute with those of the final iterated product, this is equal to 

p in- 1 ( m \\ 

YY p m+\,m+n+p+l-l J~J J j-j p ;, m+ „+i-fc I r j pj,m+n+p+\-l 

1=1 \k=l [j=l J / 0V)eN m xN p 

(n ( p \ \ m 

fc=2 \/=l \ ) j=l 

We now use the inductive hypothesis to reverse the middle three double products to 
get 

P ( n { p -\\ 

J-Jpm+l,m+n+p+l-/ | J-J J J-Jpm+<:,m+n+p+l-/ I j J~| pj,m+n+p+\-l 

1=1 \k=2 [l=\ J / (;V)eN„,xN p 
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( n— 1 [ m | \ m 

n|np ;>+ " +l ^|Jrip ;>+l 

Finally we reabsorb the first and last products into the iterated products, to obtain 

(n ( P \\ ( n ( m 

n i Y[p m+k,m+n+p+l ~' ( Yl pj>+"+p+ i - / y\ \ Y[p j,m+n+[ ^ k 
k=l b=l J / (;,/)GN m xN p V =1 U=l 

_ J~J p/H A./h n ■ p ■ \ I J~| p /.hi « /> : / J~J p /."( /i • I A 

(*,/)<EN„xN p (;,0eN m xN p (;,*) eN„, xN„ 

as required. □ 



5 Proof of Theorem 2. 

Being of the form 1 °? +o(h), R[h] = Yl (1 +dr[h}) possesses a multiplica- 

tive inverse _1 of the same form. By the multiplicativity of A and the quasi trian- 
gularity relation (A® id sr^))R[h] = R i3 [h]R 23 [h] 

1 ,^{^)®sr{^)®S(^) = (AO id gr^)) 1 &(&)®sr(&) = (A(8>id ,^(^)) ) 
= R l3 lh}R 2 ' 3 [h] (A® id (R[h]- 1 ) . 

On the other hand the inverse of the product /? 1,3 [/z]/? 2 ' 3 [/j] is the product of the in- 
verses in the reverse order (/? 2,3 [/j]) (i? 1,3 [/i]) 1 . By uniqueness of inverses it fol- 
lows that 

(A®id [Rih]- 1 ) = {R^lh])- 1 {R l ' 3 [h})-\ 
A similar argument shows that 

(id ^OA) [Rih]- 1 ) = {R L2 [h})- 1 {R l ' 3 [h})-\ 

Hence satisfies the reverse quasitriangularity relations. Since it is manifestly 

nonzero, by the characterisation theorem of [6| it must be of form R[h] = Yl (1 + 
dr'[h\) for some r'[h] £ /i(Jzf (g>Jz?) [[h]]. By comparing terms of rank < 1 in each 
copy of ^(Jzf) in the identity = 1 we find that r'[h] is the quasiinverse of 

r\h].D 



6 An example. 



We consider the two-dimensional complex associative algebra J2? spanned by ele- 
ments L,K with multiplication LK = L, K 2 = K, L 2 = KL = which has the matrix 
representation 
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and for which the commutator Lie algebra is the non-Abelian two-dimensional Lie 
algebra. Then t\J£ is spanned by the element r\ = L<g>K — K®L. r\ satisfies 
the classical Yang-Baxter equation; it defines the unique coboundary Lie bialgebra 

2 
1 



structure [4] on this Lie algebra. Also rf = in the associative algebra «5f <g)«£? and 



,1,2 1,3 2,3 _ 2,3 1,3 1,2 



(19) 



in ® Jzf (g> Jzf . It follows from (fT9l that the equations © can be satisfied by 

taking all r N with N > 1 to be 0. Thus by Theorem 1, R[h] = ]J (1 +hdr\) sat- 
isfies the quantum Yang-Baxter equation. Since r\ = 0, the quasiinverse of hr\ in 
hSf[[h]} is -hr x so that by Theorem 2 the inverse of R[h] in ® ^(JSf)) [[/i]] 

To find the actions A[h] (L) and A[/z] (K) of the deformed coproduct A[h] on L and 
if, we use the commutation relations in ££ (g> jSf 

[n,!, 1 ] =l®l, [n,^ 2 ] =-l®l, [n,^ 1 ] = l®£, [n,^: 2 ] = (20) 

Then, by (fT2l . to find the homogeneous component of joint rank (m,n) of 

A[h}(L) =Y[ (l+hdn)A(L) ff (1 -hdr x ) =f\ {l+hdr x )(l) +L 2 ) \[ (1 -hdr x ) 
in (^(Jzf ) (g) £r{J£)) [[/j]], we compute the homogeneous component of joint rank 

(m) (n) 
(1,1,..., 1 ,1,1,..., l)of 



A(*)®aWJ A[A](L) 

a h ® aW) r jj (i+Mn)j (aW ® aW) (l 1 +l 

(m) ®A W ) fff (1-Mn 

( >< . \ j .tn-\-n-\- 1 — /c 
n (l+Wn) (L 1 +L 2 +».+L' 
- „ ' 

n (no-W) 

=N.xN„ V / 



m-\-\—j,m+k 

[Y[{\-hdn)\ 

CM)eN m xN„ 

in (® m ^(^)) <8> (<g) n ^(«£?)), or equivalently of the product in (® m if' ) <g> (<g}"J^") 



] ] ( 1 + h ri ) j - m+n+l - k (L 1 + L 2 + • • ■ + L m+n ) \\ {\-h ri ) m+1 - j ' m+k 

(j,k)eN m xN„ (j,k)eN m xN n 

L l +L 2 + ---+L m+n 



12 



since by starting from the right of the first double product, each term ( 1 + hdr\ )jV»+"+l-* 
in turn commutes with U + L m + n + l - k by d2"0l and with all the other V since they oc- 
cupy disjoint spaces, and may thus be cancelled with the its inverse in the second 
double product. This is evidently zero unless (m,n) = (1,0) or (0, 1). It follows that 
A[A](L)=L®1 + 1®L. 

(m) (n) 

Similarly, the (m, n)th component of A [h] (K) is the (1,1,..., 1 ,1,1,..., 1 )th com- 
ponent of 

n (l+hr 1 y> m+n+1 - k (K 1 +K 2 + --- + K m+n ) n (l-hn) m+1 - j ' m+k , 

(j,k) 6N„xN„ (j,k)eN m X®„ 

whence, using <H1, we find (A[h](K)) Qfi = 0, (A[h](K)) lfi = (A[h](K)) Qil = K, 
(A[h](K)) hi = ((l+hr l )(K 1 +K 2 )(\-hr l )) l { = h{L®K-K®L) 



(A[/i](Z)) 2 ,i = {(l+hr^il+hnf^K'+^+K^l-hr^il-hr^)^ 

'1.1,1 



( ( 1 + An ) l,3 h(L 2 K 3 - K 2 L 3 )(\-hr l ) U3 ) 1 



= h 2 {L®K-K®L)®L 
and generally for ra > 2 

(A[/j] (£)) OTi i = (-h) m (® m - 2 (L))®(L®K-K®L)®L, 
while similarly, for n > 2 

(A[h](K)) hn = h"L®(L®K-K®L)®(®"- 2 (L)). 
Also, using d20l repeatedly and the fact that hr\ ,A commutes with L l K 4 — K 4 L l = r\ 4 

{A[h}{K)) 22 = ((l + h n ) l > 4 (i + hr l ) i > 3 (i + hn) 2 > 4 (\ + hr 1 ) 2 * 3 (K i +k 2 +k 3 +k 4 ) 

(l-fe- 1 ) 2 . 3 (l-*r 1 ) 2 ' 4 (l-fo- 1 ) 1 - 3 (l-fe- 1 ) 1 ' 4 ) M)M 
= ... = (1 +/ jri ) 1 ^ 3 (-K l L 2 L 3 L 4 + L l L 2 L 3 K 4 ) (\-h n )=0 

whence also (A[h}(K)) mM = whenever m,n>2. Thus A[h](K) is completely deter- 
mined. Note that the components of ranks (m, 1) and (l,n) for m,« > 2 do not belong 

to(y(jf)®y(jf))[[h]]. 
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